The optimal solidity problem of two-dimensional (2-D) compressor cascades is formulated as two nonlinear programming problems, in which either the profile losses are minimized or the blade loading is maximized subject to an inequality constraint on the equivalent diffusion ratio or diffusion factor (Lieblein, 1959 (Lieblein, ,1965 . Analytical solutions to these two mathematical programming problems are obtained in form of simple formulae, which are very convenient for everyday practical use. A rational way for extending their application to 3-D compressor bladings is also suggested.
Introduction
Axial-flow compressors are used very widely in industry. Up to now, however, there is still no simple reliable method for calculating optimal solidity of 2-D compressor cascades, so that designers have to resort to wind tunnel tests, which are very expensive and time-consuming. Recently Liu (1983 Liu ( , 1987 developed an optimal cascade theory, which enables us to obtain the optimal shape of cascade airfoils and also the optimal solidity. This requires, however, a complete solution of the corresponding optimal control problem. Therefore, it remains meaningful to suggest a method for determining optimal solidity which is simple and reliable for practical use. As we know, loss and stall characteristics (and hence the blade loading) of cascades can be quite well correlated by Lieblein's diffusion factor (D) or equivalent diffusion ratio (D ) (1965, 1959) . It is interesting to note that Fedorov (1961) derived the Lieblein's equivalent diffusion ratio by a pure theoretical approach based on boundary layer theory and showed that it remains valid for compressible (subsonic) flow. A similar approach is given by Papailiou (1974) . Conrad (1965) examined critically six blade-loading criteria using available experimental data and concluded that the diffusion factor and the equivalent diffusion ratio (D eq ) are the most reliable ones. Based on these facts, in the present paper an attempt is made to suggest a simple analytical method for optimization of the cascade solidity. Two different kinds of optimal solidity problems are considered herein:
1. Optimal solidity that minimizes the profile losses subject to an inequality constraint on D or on D. eq 2. Optimal solidity that maximizes the circulation around a cascade profile (maximizes also the blade loading!) subject also to an inequality constraint on D or on D. eq Both of these are formulated as nonlinear programming problems, which can be solved by modern mathematical programming theory (Leitmann, 1962; Reklaitis et al., 1983) .
Optimization Based on Equivalent Diffusion Ratio

Basic Relations for Cascade Losses
Based on the boundary layer theory, Lieblein (1959) obtained the following simplified expression for calculating the total momentum thickness of the boundary layer at the trailing edge of cascade profiles ( Fig. 1) :
where Σθ = θ + θ . 
where τ = t/c = l/σ, t-cascade spacing ( Fig. 1 ), σ-solidity.
As noted by Lieblein (1959 ), Fedorov (1961 and Conrad (1965) from which we can see clearly the physical meaning of the quantities involved: k^ characterizes the divergence of the flow channel, k, -its deflection, while D embodies the com-3 eq bined effect of the divergence, deflection and solidity of the flow channel. We note here that Deq depends upon each of 1^, k 3 and τ linearly.
Wi
According to Scholz (1965) , on the other hand, the profile loss coefficient of cascades can be expressed by the nondimensional reduced total displacement thickness Θ, and the reduced total momentum thickness Θ of the boundary layer at the trailing edge as follows: For turbulent boundary layers we have:
At the trailing edge we have the shape factor Η = 2 ~ 2.6, so that Eq. (3') can be rewritten as: which, together with Eq. (2'), shows that for given flow angles βj and ß 2 (this is really the case in practical cascade design) the profile loss coefficient ζ ηρ depends only on the solidity.
Optimal Solidity for Cascades with Minimal Profile Losses
To obtain the optimal solidity which makes the profile losses minimal, it is computationally appropriate to use the following objective function J(t) instead of ζ ηρ :
because obviously the maximum of J(r) and the minimum of ζ ηρ occur simultaneously. Using Eq.
(2'), we rewrite (Eq. (4') as follows:
Moreover, it must be pointed out that in order to make the optimal solution of Eq. (4) In order to convert the inequality constraint Eq. (5 1 ) into equality, a slack variable ξ is introduced (Leitmann, 1962; Reklaitis et al., 1983) so that we have:
or, after inserting Eq. (2'):
where k 4 = 1.9 ~ 2.0.
Thus, we have formulated the optimal solidity problem with minimal profile losses as the following nonlinear programming problem: Find the optimal spacing τ (= l/σ) which maximizes the objective function J(r) [Eq. (4) 
we obtain:
The stationary conditions of J are: us, at first we obtain the unconstrained optimal solution D eq from Eq. (a):
which shows that the unconstrained optimal solution D eq depends on (channel divergence) only:
Though Eq. (6) enables us, in principle, to calculate D eq for given k^, but it is not convenient for doing so due to its implicit form. To make Eq. (6) convenient for practical use, it is expedient to convert it into an explicit form for D^. Let's plot a ß -k^ graph, which in the region of practical interest 1.1 < < 1.68 can be approximated very well by the following straight line:
which, upon substituting Eq. (2'), yields the unconstrained optimal x-value: Xopt = 1.0534 -0.434 k 2 .
Consequently, we obtain the following practical formulas for determining the optimal cascade solidity:
are very close to these two airfoil series (Lieblein, 1965; Shang, 1976) . Therefore the present method possesses quite general validity.
In general, Eq. (7) gives optimal diffusion ratio (^eq^opt between ~ 2.0. If necessary, we can obtain also the profile loss coefficient ζ ηρ foi optimal cascades from Eq. (3). Eq. (7) shows that the larger the deflection k^ and the divergence k^ of the channel, the larger the optimal solidity. Obviously, this is entirely reasonable from physical consideration of the flow process in cascades.
Due to its very simple and compact form, Eq. (7) is very convenient for use in practical cascade design. In fact, once we have known the inlet and outlet flow angles β χ and ß 2 from a preliminary design, the k^ and k 3 values can be calculated immediately (we had better do this by using nomographs prepared in advance). Then comparing the value with b, we are able to judge which one of the Eq. (7) should be adopted for calculating the optimal solidity σ .
In view of the fact that the basic relations Eqs.
(1), (2) and (3') underlying the present method are all based on some theoretical analysis (Lieblein, 1959; Fedorov, 1961; Papailiou, 1974) as well as on comprehensive experimental data (Lieblein, 1959 (Lieblein, , 1965 Eq. (7) should be accurate enough and reliable for 2-D cascades composed of airfoils of NACA 65 series and C4 airfoils. It can also be used approximately for other airfoils whose basic form is similar to the above two series of airfoils. As a matter of fact, many airfoils in practical use
Optimal Solidity for Cascades with Maximal Circulation
Now let us consider the optimal solidity problem from another point of view, namely, it is required to determine the optimal solidity a Q p t which maximizes the velocity circulation (aerodynamic loading) Γ around an airfoil in cascade subject to a subsidiary constraint D eq < k 4 (no flow separation occurs!).
Obviously we can write:
which shows that for given ß v ß 2 and Wj, Γ is proportional to r only. This means that the objective function Γ can be simply replaced by k^r. Taking, in addition, the constraint Eq. 
From Eqs. (9A) and (9B), we conclude that ξ = 0, and from Eq. (9C) we have x op( = k 4 -k^, i.e.
(10) which shows that the optimal solidity is always such that D _ takes its allowable maximal value. From Eq. (1($ we get finally
Comparison of Eqs. (7) and (11) reveals that have tjCb.
we have σ. = σ' for k-> b and σ , > σ' for opt opt ι opt opt
Optimization Based on Diffusion Factor
An alternative approach to the optimal solidity problem is to employ the more widely used diffusion factor D instead of the equivalent diffusion ratio D . Obviously, this can be done in a way quite similar to that used in the foregoing section. The simplest way to do this is to transform the optimization problem formulated above in terms of D into the one in terms of D. Toward this end, first of all let us derive a very useful equation relating D to D directly. According to Lieblein (1959 Lieblein ( , 1965 
where C 2 = 1 -cosß^cosß^ C 3 = sin(/3j-
On the other hand, according to Conrad (1965) , we have
From Eqs. (14) and (15) 
Using Eq. (13), Eq. (18A) can be rewritten as
where χ' = k' 3 r, k' 2 = (1^/1.12) 1.08, k' 3 = k 3 /(1.22cos/3 1 ).
Upon introducing a slack variable ξ', the constraint Eq. (18B) can be written as
This constrained optimization problem Eqs. (19A) and (19B) can be solved in just the same way as that of the preceding section. The resulting unconstrained optimal solution "x^ is determined from k'2 = (20)
which in the region of practical interest can be approximated very well by the following linear equation:
r opt = 1.0534 -0.434 k' 2 .
Consequently, we obtain the following simple formulae for optimal solidity (similar to Eq. (7) Similarly, for the optimal solidity of cascades with maximal circulation we obtain the following formula:
It remains to show how to properly choose the allowable maximal values D and (D ) max v eq'max Some guidelines can be gained from Lieblein's Fig. 203 (1965) , but more detailed recommendation is given by Conrad (1965) and also listed here in It should be pointed out that Eq. (21A) and the first one of Eq. (7) give very close values of σ , while Eqs. (21B) and (22) give just the same a opt 
Practical Application to 3-D Compressor Stage
As a practical application of the present optimization method we take a real axial-flow compressor stage using cascade DF-1 and having a symmetric velocity diagram at the mid-span (Shang, 1976) . The flow angles at the hub, midspan and tip sections are given in Table 2 . We can calculate k,, k,, a . and er' . for the 2-D cascades Ύ 3' opt opt at these sections individually and they are listed in Table 2 . For the mid-span, for instance, we have kj = 1.12 cos/3 2 /cos/3 1 = 1.687
Since k^ > b, the optimal solidities at the midspan σ ορ( and σ' are equal to each other and should be determined from the second one of Eq. (7) and Eq. (11) They are, however, not necessarily just the optimal solidities for the whole stage. It must be noted that the solidities at the tip, mid-span and hub radii of a real 3-D blading are geometrically interrelated and hence can not be determined separately by Eqs. (7) and (11). Obviously, the overall optimal solidities of a 3-D blading must be determined by taking simultaneously the situations at different radii into consideration and the 2-D optimization method given above must be adapted accordingly. For this purpose we suggest the following grapho-analytical method. Let us assume first, for example, that the calculated optimal solidity for the 2-D tip cascade σ = 0.768 is actually adopted for the rotor, the solidities of the rotor at the mid-span and the hub would be 0.768 . . . on σ = , " -χ 1.5 = 0.89, 1.3 0.768 1.3 χ 1.76 = 1.04.
respectively. Using these data, the curve a in Fig. 2 can be plotted. Similarly, the other curves b and c in Fig. 2 can be obtained by using σ ορ( = 1.343 and 1.284 as the actual solidities at the mid-span and at the hub of the rotor respectively. In addition, the allowable minimal solidity a min (without violating the constraint Eq. (5)) determined by
is also shown in Fig. 2 as a dotted line d. Since the curves a and c are at least partly below the curve d, they cannot be adopted for practical use. Only the curve b, which lies entirely above the curve d, should be used in practical design. This means that in this case the σ ορ( (=1.343) of the mid-span 2-D cascade is just the design (optimal) solidity a de at mid-span of the 3-D rotor. The design solidities (7 de along the span corresponding to the curve b are also given in Table 2 . In just the same way a figure similar to Fig. 2 for determining the design solidities a de for the whole stator can be plotted mean Fig. 2 : Determination of for a whole rotor. and the obtained a de are given in Table 2 . For comparison the really used solidities a rg of the compressor (Shang, 1976) are also listed in Table  2 . These a rg were determined rationally by experimental blade-adjusting. From Table 2 we can see that the differences between the calculated design solidities a de and real ones σ re are small. Moreover, these differences can be made still smaller by simply employing slightly reduced k 4 -values (for example, using k 4 = 1.87 and 1.92 for the rotor and stator respectively). Thus, we can conclude that the present method is capable of providing (predicting) reliable optimal solidities for 2-D as well as 3-D compressor bladings.
Alternatively, we can determine the optimal solidities based on the diffusion factor by Eqs. (21A), (21B) and (22). This yields the same numerical results as given in Table 2 , provided that D max is calculated from k 4 given in Table 2 using Eq. (17), because in the present case Eq. (21A) should not be used due to k' 2 > b'. A simple formula relating D to Deq is also derived, which is also useful in compressor cascade design.
